infinite Series
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$11-2 Infinite Sequences (2" [i:LA-5]))

Limit of Sequence
We say that the sequence {Sn} converges to the real'number L, or has the

limit L, and we write
limS, =L

n—ow

Provided that S, can be made as close ‘to L as we please merely by
choosing n to be sufficiently large. That is, given any number ¢ >0, there
exist an integer N such that
S,—L|<e forall n>N

If the sequence {S,} does not converge; then we say that {S,} diverges.

53| >a (converge ) == éﬁiﬁ ¢ (diverges)
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§11-3 U B
?Eﬁ;ﬁg‘g@ (infinite series) : Zan =4, +a,+a;+...... +a +...

n=1
a, i B PRy A BT 2R (nth term )

fipn=fFAT (nth partialsum) S, @ S =a +a,+a;+.....+a

%By THIPORA). (sequence of partial sums) @ S, S,,S,,...,S, ...

The-sum of an Infinite Series

We say that the infinite series Zan converges (or is convergent)
n=1

With sum S provided that the limit of its sequence of partial sums,

S=IlimS,

n—oo
Exist (and is finite). Otherwise we say that the series diverges (or is
divergent). If a series diverges, then it has no sum.
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Hla, =a+(n-1d

a,=a +(n-k)d
Sifia s b~ cHEE L] H b =a;C’EWEb%%%Jh$
EE ARV _@+a)n [2a1+(n 1)d]

2
n
da,=a,+a,+a; ...+,

=a+[a+d]+[a+2d]+[a+3d]+.....+[a+ (n-1)d]
=an+[1+d+2d +3d +.....(n=1)d]

1+(n-1d 2a+d
+———""xn :TX n

Geometric Series

The series Z:;O a, is said to be a geometric series if each term after the

first is a fixed'multiple-of the‘term immediately before it. That is, there is a
number r, call the ratio of the series, such that

a,,=ra, forall.n>0

2 3 n
a, +ra, +ria, +r'a,+..= > r'a,

S, =a,(L+r+r’+r¥+..+r")
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n
Zan:al+a2+a3+ ...... +a
n=1

—a+ar+ar’+ar®+...+ar"?
—all+r+r>+ri+. .41
1-r"
a
1-r

r'-1
r-1
<zgPH> - iﬁil% A=l+r+r>+r¥+....+r"t
FA=r+r2+ri+....+r1"
PR A—rA=1-1"
1-r"
1-r

1+r+r2+ré¥+....+r"t=

. A=

LB

Theorem 4
The harmonic series diverges.

Ui ) Az etast (He):
R o e IR )RR
a a+2d

a+d

“ixiacs b cﬁﬁﬁjﬁﬂ@ﬁu g Fl"%[lé SR 1% SES ]| I Hlb—% "rgﬁﬂlfll “fl e

MLE 1 W eH s

§11-4 Taylor Series (*Em&gr) Taylor Polynomials ( 5 & %2fi=0 )
Theoreml : The nth-Degree Taylor Polynomial

Support that the first n derivatives of the function f(x) existat x=a. Let

P, (x) be the n-th degree polynomial

n k
P0)=> @ gy
k=0

— f(a)+ f'(a)(x—a)+ z(a)(x a)+.. +¥(x a)"
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Then the values of P,(x) and its first n derivatives agree, at x =a, with the
value of f and its first n derivatives there.
g g f"(0) , f™(0)
=0 s =W 2EAT = "0) X+ ——2 — T yn
a=0 ,fEEJpFJ, 'Ry P (x) = f(0)+ f'(0)- x+ o X*+..+ - X
<m§b:'ﬂmzexm a=0
fO(x)=¢e* forall k>0
f©0)=1 forall k>0
2 3 n
ﬁng(m:l+x+z—+z—+m+§—
2! 3! n!
<ﬁﬁp:ﬁ%ﬁﬁ$ﬁ?@%ﬁﬁ“
I:)o (X) =1
R (x)=1+x
%00:1+x+%x2
1 1
P(X)=1+x+=x*+=x°
5(X) > X s
P4(x):1+x+1x2+1x3+—1—x4
2 6 24
Rxx):l+x+1x2+1x3+iLx4+—i—f
2 6 24 120
EQX:OJﬁﬁ’
n I:)n (X) e* = I:)n (X)
0 1:00000 1.10517 0.10517
1 1:10000 1.10517 0.00517
2 1.10500 1.10517 0.00017
3 1.10517 1.10517 0.00000
4 1.10517 1.10517 0.00000
Fhl X= 0.5 E—ﬁ" 4
n P.(x) e e*—P (x)
0 1.00000 1.64872 0.64872
1 1.50000 1.64872 0.14872
2 1.62500 1.64872 0.02372
3 1.64583 1.64872 0.00289
4 1.64844 1.64872 0.00028

FAEEE £ () ORI P (x) > FVRUR AV £ () 7~ (62 B i

R, (x)=f(x) -

P, (x)

° f()=R()+R, (X
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R, (x) 4 £% n-th degree remainder for f(x) at a=0 -
Remainder (&E)
EUIFLERL £ (X) ST P, () ORI -

Theorem 2 : Taylor’s Formula
Support that the (n+1)th derivatives of the function f exist on an interval
containing the points a and b. Then

f(b)="f(a)+ f'(a)(b—a)+&(b—a)2+%(b—a)3+

f (n) a ] f (n+1) 7 o
+ ( ) (b _ a) ( ) ( ) 1
n! (n+1)!
For some number z between a and b.
The n-th degree Taylor formula with remainder at x=a

f(x)=f(a)+ f'(@)(x—a)+ @%xa) (W”w a)+
0@y, M(z) x_ay
n!

(n+1)!
=R, (x)
Where z is some number between a and x. Thus the n-th degree remainder term is
f(n+1) 7 o
R0 =D (_ay
(n+1)!

<fyIRE>: f(x)=e* then f*(x)=e" forall k=0

” (n) (n+1)
Taylor formula ) f(x) = f(0)4 f'(0)x+ —=~ @) X2 4.+ ) X" + @ X"
2! n! (n+1)!

At a=0
2 3 n z\,n+l
x X
e =1+ X+—F=+...+—+
273! nl (n+1)!

Remainder term R, (x) folj#y k-

| |n+l

forsome z betweenOand x.

0<|R . (X)|<——— if x<0
| ()| (n+1)!
XN+l
0<|R,(X)|<~>— if x>0
(n+1)!
2 limX o
nN—o0 n!
* n 2 3 4
=) eX=ZX—:1+x+X—+X—+X—+
<l 217 31 41
x=1f"1
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= ezzi:l-i-i—l—i-{—l_;_i_{_
o N! 1 2t 31 41

= e=1+1+i+i+ ! +.. +i~271828 18
21 31 41 10!
e:1+1+l+l+i+...+iz 2.71828 18284 59045 235
1 21 31 41 20!
<{Jljg>: f(x)=cosx at a=0
f (x) =cosx f'(x)=-sinx
f"(x) = —cos x f & (x) =sin x
f(x) =cos x f®(x)=-sinx

f (2n) (X) — (_1)n COS X f (2n+1) (X) _ (_1)n+1 sin x

2 f (2n) (O) — (_1)n f (2n+1) (O) -0
2 4 x2"
cosx=1- 34+ X s Xy 08 sy
21 41 (2n)! (2n+2)!

Where z is between 0 and x
[R£% |cos z| <1for all z

‘.Fi}’n—mo » R (x) = Ofor all x
( 1)n 2n X2 X4 X6

= cosx:‘ —1-—_ 8 N
Z; (2n)! 204! 6!

<{Jlg>: f(x)=sinx at"a=0
~ & ( 1)!’1 X2n+1 1 X3 X5 X7

The case a'=0 of Taylor’s series is called the Maclaurin series of the function
© (n) " 3)
Zf ©) X" =f(0)+ f'(0)- x+f(0)x2+f (0)x3+
™ ! 2! 3!
* Xn X2 3 X4
The three Maclaurin series e” = Z—:1+x+—+—+—+...
= n! 21 31 41
n 2n 2 4 6
COSX = z( TR S
= (2n)! 21 41 6!
n 2n+1 3 5 7
sinx = z( DX X X X,
(2n+1)' 31 51 71
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§11-5
The harmonic series is the case p =1 of the p-series
=1 1 1 1
—=1+—+—+.. A+t
wr] nP op 3P

Where the p-series converges or diverges depends on the value of p.

p=2 o ziz—1+—+i+...+i2+...converges
n

n:ln 32
1 > 1 1 1 1
R +...diverges
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§11-7 Alternating series

D (-D)™a, =a,-a,+a;-a,+a ...
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Theorem 1-Alternating Series Test
If a,>a;,,>0 forallnand lima, =0 then the alternating series in

n—oo

Y (<D)"™a,=a —a,+a,—a,+a;—... CONVerges.

n=1
e HGTWEH (uleziin
§11-8 Power Series

Y axt=a, Fax+ax +..+ax +..
n=0

Convergence of power series

an +1

aﬂ

p=Ilim

n—w

u, =a,x"
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n+l
lim| et = fim QX 5(x)
n—oo un n—o0 anx
<f<7']f\:'§_1> : Z:n”xn
n=0
<ng$> : n::n“x”
n+l ., n+l
n—oo un n—oo n X
. 1Y
=lim(n+1)| 1+= | |x|
n—o0 n
= 400
. 1Y
Forall x#0, because lim|1+=| =e
n—oo n
. 2 X3 X4
" =1+ X+ —+—+—+...
2! 31 41
2 3 4 n
e =lox 4 Xy +(-)"—+..
2! 31 41 !
ef+e* 1 2o X 1 x> x* x
coshx = =—|1l+X+—+—F—+.. [+=|1-X+———+—
2 2! 731 41 2 2! 31 41
2 4 6
uth:l+5—+——+5—+m
2! 41 6!
3 5 X7
sinhx=X+—+—+—+%
3! -5 71
- F58E - 538
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